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x+ = f (x) , x ∈ Rn
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f (k)(x) = k th iterate of the discrete recurrence starting from x
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Set of all initial states that stay in the constraint set X forever
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�
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Aµ = b
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hgN ,yi
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Convex optimization problem
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Infinite dimensional linear program in the cone of nonnegative measures

sup
µ,µ0

∫
X 1dµ0

s.t. µ0 + α f#µ− µ = 0
µ0 ≤ λ
µ ∈M(X)+, µ0 ∈M(X)+
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The MPI set is characterized by the optimization problem
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[Korda, Henrion, Jones, 2014]
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Dual LP

key obseravtion:

w � IX� � {x | w(x) � 1} � X�

X

X�

w(x)

inf
v,w

∫

X
w(x) dx

s.t. αv(f (x)) ≤ v(x), ∀ x ∈ X
w(x) ≥ v(x) + 1, ∀ x ∈ X
w(x) ≥ 0 ∀ x ∈ X

<latexit sha1_base64="8gbMj6wo7Uc6rYalkg9YzuzaKIM="></latexit><latexit sha1_base64="Xy7+QFHFYaAI42OfIfvNc9scKJc="></latexit><latexit sha1_base64="Xy7+QFHFYaAI42OfIfvNc9scKJc="></latexit>

where the infimum is over v 2 C(X) and w 2 C(X)
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X

X�

w(x)
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key obseravtion:

w � IX� � {x | w(x) � 1} � X�

X

X�

w ∗(x)

Dual LP

inf
v,w

∫

X
w(x) dx
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Optimization over 
nonnegative 

continuous functions

Optimization over 
nonnegative 
polynomials

Optimization over 
SOS polynomials 
up to degree 2k

SDP
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Let wk(x) be the optimal solution to the dual SDP relaxation of order k

X⋆k := {x | wk(x) ≥ 1}

vol(X�
k \X�)� 0

X

X�

wk(x)
<latexit sha1_base64="eBLJTJIsT9RbuZJ3DxyFAMIiiYc="></latexit>
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Let wk(x) be the optimal solution to the dual SDP relaxation of order k

X

X�

wk(x)
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X⋆k := {x | wk(x) ≥ 1}
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X

f not given, only data {xi , x+i }Ki=1 available
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X

X⋆

f not given, only data {xi , x+i }Ki=1 available
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Sampled dual LP

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
1

M

M∑

i=1

w(xi)

s.t. αv(x+i ) ≤ v(xi)
w(xi) ≥ v(xi) + 1
w(xi) ≥ 0
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with variables v , w 2 F ⇢ C(X), dim(F) <1
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Sampled dual LP

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
1

M

M∑

i=1

w(xi)

s.t. αv(x+i ) ≤ v(xi)
w(xi) ≥ v(xi) + 1
w(xi) ≥ 0
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No assumptions on the subspace F (can be radial basis functions, wavelets etc.)
<latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit>

No assumptions on f (can be non-polynomial, discontinuous etc.)
<latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit>

Boils down to finite-dimensional LP
<latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit>

with variables v , w 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit>
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Sampled dual LP

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
1

M

M∑

i=1

w(xi)

s.t. αv(x+i ) ≤ v(xi)
w(xi) ≥ v(xi) + 1
w(xi) ≥ 0

<latexit sha1_base64="tGJ5osMLJCuDHnlUBXKdyay0TaY="></latexit><latexit sha1_base64="SMWpUMfXWpUWbR05/iKOR+meUPI="></latexit><latexit sha1_base64="SMWpUMfXWpUWbR05/iKOR+meUPI="></latexit>

Properties
<latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit>

No assumptions on the subspace F (can be radial basis functions, wavelets etc.)
<latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit>

No assumptions on f (can be non-polynomial, discontinuous etc.)
<latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit>

Boils down to finite-dimensional LP
<latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit>

No longer guaranteed outer approximation
<latexit sha1_base64="IMxI5rSUfm7rCsm3EXUFY/MVTEk="></latexit>

with variables v , w 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit>
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Sampled dual LP

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
1

M

M∑

i=1

w(xi)

s.t. αv(x+i ) ≤ v(xi)
w(xi) ≥ v(xi) + 1
w(xi) ≥ 0

<latexit sha1_base64="tGJ5osMLJCuDHnlUBXKdyay0TaY="></latexit><latexit sha1_base64="SMWpUMfXWpUWbR05/iKOR+meUPI="></latexit><latexit sha1_base64="SMWpUMfXWpUWbR05/iKOR+meUPI="></latexit>

Properties
<latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit>

No assumptions on the subspace F (can be radial basis functions, wavelets etc.)
<latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit>

No assumptions on f (can be non-polynomial, discontinuous etc.)
<latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit><latexit sha1_base64="ETd9eRnR4E/rKWvXH7/srOQUhOA="></latexit>

Boils down to finite-dimensional LP
<latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit>

No longer guaranteed outer approximation
<latexit sha1_base64="IMxI5rSUfm7rCsm3EXUFY/MVTEk="></latexit>

Convergence rate and sample complexity hard to analyze
<latexit sha1_base64="BRnCrSAqCI+amYALVb4MiDEUCAw="></latexit><latexit sha1_base64="BRnCrSAqCI+amYALVb4MiDEUCAw="></latexit><latexit sha1_base64="BRnCrSAqCI+amYALVb4MiDEUCAw="></latexit>

with variables v , w 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit><latexit sha1_base64="gxFfG3VBP4RiamHxdP4fRhfygtA="></latexit>
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Dual LP

inf
v,w

∫

X
w(x) dx

s.t. αv(f (x)) ≤ v(x), ∀ x ∈ X
w(x) ≥ v(x) + 1, ∀ x ∈ X
w(x) ≥ 0 ∀ x ∈ X

<latexit sha1_base64="8gbMj6wo7Uc6rYalkg9YzuzaKIM="></latexit><latexit sha1_base64="Xy7+QFHFYaAI42OfIfvNc9scKJc="></latexit><latexit sha1_base64="Xy7+QFHFYaAI42OfIfvNc9scKJc="></latexit>

X

X�

w ?
<latexit sha1_base64="LzEhLGS/+btRv/8bJZyRwvsnEwU="></latexit><latexit sha1_base64="LzEhLGS/+btRv/8bJZyRwvsnEwU="></latexit><latexit sha1_base64="LzEhLGS/+btRv/8bJZyRwvsnEwU="></latexit>

w ? discontinuous
<latexit sha1_base64="sEnz1Zf4RlLoeC6pWGZPVE4YwC4="></latexit><latexit sha1_base64="sEnz1Zf4RlLoeC6pWGZPVE4YwC4="></latexit><latexit sha1_base64="sEnz1Zf4RlLoeC6pWGZPVE4YwC4="></latexit>

v growing unbounded
<latexit sha1_base64="SJztcK6AXzOTYGCssVCBby3E1SA="></latexit><latexit sha1_base64="SJztcK6AXzOTYGCssVCBby3E1SA="></latexit><latexit sha1_base64="SJztcK6AXzOTYGCssVCBby3E1SA="></latexit>

Infimum not attained in C(X)
<latexit sha1_base64="vZPF3q1jM0p26tzGIZQCFkiUgXQ="></latexit><latexit sha1_base64="vZPF3q1jM0p26tzGIZQCFkiUgXQ="></latexit><latexit sha1_base64="vZPF3q1jM0p26tzGIZQCFkiUgXQ="></latexit>



Solution to the problem: new LP formulation

Milan Korda 24

sup
v

∫

X
v(x) dx

s.t. v ≤ ℓ+ αv ◦ f̄ on X
<latexit sha1_base64="+y9IXF87fHBJ2oEQiKyb9QR/2EE="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ ℓ+ αv ◦ f̄ on X
<latexit sha1_base64="+y9IXF87fHBJ2oEQiKyb9QR/2EE="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit>

Supremum attained by a v ? 2 C(X) given by
<latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit><latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit><latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>

• ` and f̄ are continuous
<latexit sha1_base64="z+jtAa4dWTiQsJRGLT1+fH2vQRk="></latexit><latexit sha1_base64="z+jtAa4dWTiQsJRGLT1+fH2vQRk="></latexit><latexit sha1_base64="z+jtAa4dWTiQsJRGLT1+fH2vQRk="></latexit>

• f̄ (X) ⇢ X ( = X positively invariant under f̄ )
<latexit sha1_base64="N+p5QogN/dsbF/Cr1oHFcgjoCF0="></latexit><latexit sha1_base64="N+p5QogN/dsbF/Cr1oHFcgjoCF0="></latexit><latexit sha1_base64="N+p5QogN/dsbF/Cr1oHFcgjoCF0="></latexit>

if
<latexit sha1_base64="a7jioZz6sxLt9K74ZSPwNalY6Ho="></latexit><latexit sha1_base64="a7jioZz6sxLt9K74ZSPwNalY6Ho="></latexit><latexit sha1_base64="a7jioZz6sxLt9K74ZSPwNalY6Ho="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ ℓ+ αv ◦ f̄ on X
<latexit sha1_base64="+y9IXF87fHBJ2oEQiKyb9QR/2EE="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit><latexit sha1_base64="z9dwuiE3DDnV5SXwkKuZoZNiBQQ="></latexit>

Supremum attained by a v ? 2 C(X) given by
<latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit><latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit><latexit sha1_base64="YIQ/bb6SLjMMy9lPy4WC62dWSEg="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>

Strategy
<latexit sha1_base64="vQNmLUGL/+YfHUZWnL1UUscyZi8="></latexit><latexit sha1_base64="vQNmLUGL/+YfHUZWnL1UUscyZi8="></latexit><latexit sha1_base64="vQNmLUGL/+YfHUZWnL1UUscyZi8="></latexit>

• {x | v ?(x)  0} = X?
<latexit sha1_base64="3jM1lI16YpxFvHn/+DR77dfFI9A="></latexit><latexit sha1_base64="3jM1lI16YpxFvHn/+DR77dfFI9A="></latexit><latexit sha1_base64="3jM1lI16YpxFvHn/+DR77dfFI9A="></latexit>

• v  `+ ↵v � f̄ can be evaluated on samples (x, f (x))
<latexit sha1_base64="xfeYCZTrmWD92K3h3X4zheV2r9A="></latexit><latexit sha1_base64="xfeYCZTrmWD92K3h3X4zheV2r9A="></latexit><latexit sha1_base64="xfeYCZTrmWD92K3h3X4zheV2r9A="></latexit>

Find continuous ` and f̄ satisfying f̄ (X) ⇢ X such that
<latexit sha1_base64="983PIBYpRx17tHNyajNvvWETWQA="></latexit><latexit sha1_base64="983PIBYpRx17tHNyajNvvWETWQA="></latexit><latexit sha1_base64="983PIBYpRx17tHNyajNvvWETWQA="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>
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Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>
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Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

Remark: X invariant under f̄
<latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

Remark: X invariant under f̄
<latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

v ?
<latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

Remark: X invariant under f̄
<latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit>

v ?(x) =
P1
k=0 ↵

k`
�
f̄ (k)(x)

�
<latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

Milan Korda

v ?
<latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

α <
1

Lip f
<latexit sha1_base64="UP/DDYPgyHfyaFfKhEsZVgRxN+Q="></latexit><latexit sha1_base64="FBe+8vJeS1udftlWMvhLBCDwBDE="></latexit><latexit sha1_base64="FBe+8vJeS1udftlWMvhLBCDwBDE="></latexit>

v ? Lipschitz
<latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit><latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit><latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit>

Lip v ⋆ ≤
1

1− α · Lip f
<latexit sha1_base64="Dv9qnz1OcsusSvlHbTCIoYYYTo8="></latexit><latexit sha1_base64="P2+F1+ssAvR4Vrsj7rp9ov+hbTU="></latexit><latexit sha1_base64="P2+F1+ssAvR4Vrsj7rp9ov+hbTU="></latexit>

with
<latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit><latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit><latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit>

⇒
<latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit><latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit><latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit>

Lemma

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

v ?(x) =
P1
k=0 ↵

k`
�
f̄ (k)(x)

�
<latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

Fact

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

v ⋆(x) = min
∑∞
k=0 α

kℓ(xk)

s.t. xk+1 = f̄ (xk)
xk ∈ X
x0 = x

<latexit sha1_base64="8cpfLih+3wWQ7YqayoFKyENFZig="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit><latexit sha1_base64="Cg96LEgUsyO21f4Z9EotG4dZ194="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

v feasible
<latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit><latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit><latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit>

)
<latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit><latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit><latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit>

{x | v(x)  0} � X?
<latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit><latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit><latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit>
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X

X⋆

f not given, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="N+F/3tOou0XK2aPKV5vnrMDNt0o="></latexit><latexit sha1_base64="N+F/3tOou0XK2aPKV5vnrMDNt0o="></latexit><latexit sha1_base64="N+F/3tOou0XK2aPKV5vnrMDNt0o="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

<latexit sha1_base64="OxiyaZhGI10Lkbypdl5SxXUhYto="></latexit><latexit sha1_base64="sCgxOnQy3LoEpuoa21QkxvwmnsQ="></latexit><latexit sha1_base64="sCgxOnQy3LoEpuoa21QkxvwmnsQ="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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Properties
<latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit>

No assumptions on the subspace F (can be radial basis functions, wavelets etc.)
<latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit><latexit sha1_base64="E48mWQZxmqkMWl956kYDmbmR/no="></latexit>

Boils down to finite-dimensional LP
<latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit><latexit sha1_base64="g07oqx5xR4Si2Pb3xPA/8KxwJbU="></latexit>

No longer guaranteed outer approximation
<latexit sha1_base64="IMxI5rSUfm7rCsm3EXUFY/MVTEk="></latexit>

Can analyze convergence rate and sample complexity
<latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit><latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit><latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

<latexit sha1_base64="OxiyaZhGI10Lkbypdl5SxXUhYto="></latexit><latexit sha1_base64="sCgxOnQy3LoEpuoa21QkxvwmnsQ="></latexit><latexit sha1_base64="sCgxOnQy3LoEpuoa21QkxvwmnsQ="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

No assumptions on f (can be non-polynomial, discontinuous? etc.)
<latexit sha1_base64="tYsYYC+X9PUFsfOz80/4q8wheew="></latexit><latexit sha1_base64="tYsYYC+X9PUFsfOz80/4q8wheew="></latexit><latexit sha1_base64="tYsYYC+X9PUFsfOz80/4q8wheew="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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Key dynamic programming estimate (Farias, van Roy, 2003)
<latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit><latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit><latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit>

∫

X
|v ⋆ − vF | dx ≤

1

1− α minv∈F ∥v
⋆ − v∥∞

<latexit sha1_base64="fjDouYi/RZxMcruZ4lLPHqKss9E="></latexit><latexit sha1_base64="Ns9duLOfK9K5frUNJQ1K4XgCaOw="></latexit><latexit sha1_base64="Ns9duLOfK9K5frUNJQ1K4XgCaOw="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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Key dynamic programming estimate (Farias, van Roy, 2003)
<latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit><latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit><latexit sha1_base64="SQ/GBNX5f7oaC9cGkbkyssQhbK0="></latexit>

Example: F = multivariate polynomials up to degree d
<latexit sha1_base64="hNTLhm1Al73Qjih8Aje7pkR65gk="></latexit><latexit sha1_base64="hNTLhm1Al73Qjih8Aje7pkR65gk="></latexit><latexit sha1_base64="hNTLhm1Al73Qjih8Aje7pkR65gk="></latexit>

∫

X
|v ⋆ − vF | dx ≤

1

1− α minv∈F ∥v
⋆ − v∥∞

<latexit sha1_base64="fjDouYi/RZxMcruZ4lLPHqKss9E="></latexit><latexit sha1_base64="Ns9duLOfK9K5frUNJQ1K4XgCaOw="></latexit><latexit sha1_base64="Ns9duLOfK9K5frUNJQ1K4XgCaOw="></latexit>

∫

X
|v ⋆ − vF | ≤

c

(1− α)(1− αLip(f ))
1

d
<latexit sha1_base64="5iXsKNX9tLFAOLIibt7S3c1thQY="></latexit><latexit sha1_base64="BqKDNVSaZ+09o+4fVsOMy8SdcvA="></latexit><latexit sha1_base64="BqKDNVSaZ+09o+4fVsOMy8SdcvA="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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vol(XF \ X∞) ≤??
<latexit sha1_base64="708W+R/TmrKThXgiKat9CCwY/dI="></latexit><latexit sha1_base64="708W+R/TmrKThXgiKat9CCwY/dI="></latexit><latexit sha1_base64="708W+R/TmrKThXgiKat9CCwY/dI="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

gv ⋆(γ) = vol({x | 0 < v ⋆(x) ≤ γ})
<latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit>

vol(XF \ X⋆) ≤
c

(1− α)(1− αLip(f ))
1√
d
+ gv ⋆

( 1√
d

)

<latexit sha1_base64="O7PXiqL+V0uAFFCZ3GvCyl9yqi8="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg=">AAAGFHicdZTfaxNBEMev1WiNrbbPvhwmBRFbLoKIDwXRNk2plVoaG8hF2d2bJEv3x7G7l6Yu9w/46r/gX+OT+OZ/426S2tw1XTgY5vuZmZ0dbnDKqDZR9Hdp+c7dyr37Kw+qD1era48er69+1jJTBNpEMqk6GGlgVEDbUMOgkypAHDM4w+fvvX42AqWpFKfmMoUeRwNB+5Qg41zHX9dr0XY0OeFNozEzasHsfN2orMWJJBkHYQ </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE=">AAAGbHicdZTbbhMxEIaXQwOEUwFxhZAsEhBCUG0QCHFRCXFIU0ERIAqVuqGyvZPEqg8r2xtSLL8ST8MNF/AKvAJ2ktLskq4UaeT/m388ntik4MzYNP154uSp0yuNM2fPNc9fuHjp8uqVq5+MKjWFbaq40jsEG+BMwrZllsNOoQELwuEz2X8R9c9j0IYp+dEeFNAXeCjZgFFsw9Leaq+dBRPiMoHtiGLuut6jddRGouSWjbFm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit>
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v ?
<latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

vol(XF \ X⋆) ≤
c

(1− α)(1− αLip(f ))
1√
d
+ gv ⋆

( 1√
d

)

<latexit sha1_base64="O7PXiqL+V0uAFFCZ3GvCyl9yqi8="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit>

0
<latexit sha1_base64="tN/vxmT1H9PUPedkDaOQw2E9Wo4="></latexit><latexit sha1_base64="jr13e8G/TMlfUpS1KzACkBFWALM="></latexit><latexit sha1_base64="jr13e8G/TMlfUpS1KzACkBFWALM="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg=">AAAGFHicdZTfaxNBEMev1WiNrbbPvhwmBRFbLoKIDwXRNk2plVoaG8hF2d2bJEv3x7G7l6Yu9w/46r/gX+OT+OZ/426S2tw1XTgY5vuZmZ0dbnDKqDZR9Hdp+c7dyr37Kw+qD1era48er69+1jJTBNpEMqk6GGlgVEDbUMOgkypAHDM4w+fvvX42AqWpFKfmMoUeRwNB+5Qg41zHX9dr0XY0OeFNozEzasHsfN2orMWJJBkHYQ </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE=">AAAGbHicdZTbbhMxEIaXQwOEUwFxhZAsEhBCUG0QCHFRCXFIU0ERIAqVuqGyvZPEqg8r2xtSLL8ST8MNF/AKvAJ2ktLskq4UaeT/m388ntik4MzYNP154uSp0yuNM2fPNc9fuHjp8uqVq5+MKjWFbaq40jsEG+BMwrZllsNOoQELwuEz2X8R9c9j0IYp+dEeFNAXeCjZgFFsw9Leaq+dBRPiMoHtiGLuut6jddRGouSWjbFm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit>

gv ⋆(d
−1/2) = vol

(
{x | 0 < v ⋆(x) ≤ d−1/2}

)
<latexit sha1_base64="T8x4FoRaVOyYQpUEdqW4by8esjk=">AAAGiXicdZRdbxQ3FIYNLduwfIX2quqN1QQpQSSdDULQikioQD4EQQERiBRvIttzdteKPR7Zns1Sy7+wv6A/o7dwg727ITvDxtJIR36f8x4fH41ZKYV1Wfbflas//Hit9dPC9faNm7du31m8+/MHqyvD4YBrqc0hoxakKODACSfhsDRAFZPwkZ0+T/rHIRgrdPHefSqhq2i/ED3BqYtbJ4vQP/HDY2IdNWGFRD/j82O/1vljI4 </latexit><latexit sha1_base64="ccuUJME+ZgGq6j0HU/zgoA4ENAw=">AAAGiXicdZRLbxMxEMeXV4DwKnBCXCxapBbRsilCPEQlxKMPQVFBlFaq08r2ThKr9nple0PA8ifkwJmPwRUu2ElKs0tqaaWR/7/5j8ejNS0ENzZNf546febsucb5Cxebly5fuXpt5vqNz0aVmsE2U0LpXUoMCJ7DtuVWwG6hgUgqYIcevor6Th+04Sr/ZL8W0Jakm/MOZ8SGrYMZ6B64/j42lmg/j4Ofdtm+W2w9WPZ+Aa0gLL </latexit><latexit sha1_base64="ccuUJME+ZgGq6j0HU/zgoA4ENAw=">AAAGiXicdZRLbxMxEMeXV4DwKnBCXCxapBbRsilCPEQlxKMPQVFBlFaq08r2ThKr9nple0PA8ifkwJmPwRUu2ElKs0tqaaWR/7/5j8ejNS0ENzZNf546febsucb5Cxebly5fuXpt5vqNz0aVmsE2U0LpXUoMCJ7DtuVWwG6hgUgqYIcevor6Th+04Sr/ZL8W0Jakm/MOZ8SGrYMZ6B64/j42lmg/j4Ofdtm+W2w9WPZ+Aa0gLL </latexit>

v ⋆(d−1/2
<latexit sha1_base64="m78Bj8tbXbc34RrRNAK2tRUHgVM="></latexit><latexit sha1_base64="m78Bj8tbXbc34RrRNAK2tRUHgVM="></latexit><latexit sha1_base64="m78Bj8tbXbc34RrRNAK2tRUHgVM="></latexit>

gv ⋆(d
−1/2)

<latexit sha1_base64="0ubqD39mKhA2H6wR/+xb60Nt7Gs="></latexit><latexit sha1_base64="0ubqD39mKhA2H6wR/+xb60Nt7Gs="></latexit><latexit sha1_base64="0ubqD39mKhA2H6wR/+xb60Nt7Gs="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

K ≥
log( 1δ ) + n log(

LX,F
ϵ(1−α))

log
(

1

1−
[
ϵ(1−α)
LX,F

]n
)

<latexit sha1_base64="9FgHGw592drQHdNN6XokL9g0XJM="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="FBPoz/G9dbG3X03NlQ3Q5Rg6rEI="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

∣∣∣∣
∫

X
vF ,K −

∫

X
vF

∣∣∣∣ < ϵ
<latexit sha1_base64="ZBSdPSRCzr+dkPHgEqKLiEE6t4M="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

K ≥
log( 1δ ) + n log(

LX,F
ϵ(1−α))

log
(

1

1−
[
ϵ(1−α)
LX,F

]n
)

<latexit sha1_base64="9FgHGw592drQHdNN6XokL9g0XJM="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit>

≈
log( 1δ ) + n log(

LX,F
ϵ(1−α))[

ϵ(1−α)
LX,F

]n
<latexit sha1_base64="XYBygE4IaM0s9Sw6x3jUIt/XUL0="></latexit><latexit sha1_base64="rj5MdX4dRgW0wI2rzNDimvDuxXI="></latexit><latexit sha1_base64="rj5MdX4dRgW0wI2rzNDimvDuxXI="></latexit>

∣∣∣∣
∫

X
vF ,K −

∫

X
vF

∣∣∣∣ < ϵ
<latexit sha1_base64="ZBSdPSRCzr+dkPHgEqKLiEE6t4M="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="FBPoz/G9dbG3X03NlQ3Q5Rg6rEI="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>
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with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

vol(XF ,K \ X⋆) ≤??
<latexit sha1_base64="Ku4oyZzuY5rxO4fsVoDuoxBb7gc="></latexit><latexit sha1_base64="U3rPhoO4n1GwXwdK3ND4HhfDsrM="></latexit><latexit sha1_base64="U3rPhoO4n1GwXwdK3ND4HhfDsrM="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="FBPoz/G9dbG3X03NlQ3Q5Rg6rEI="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>
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with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg="></latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg="></latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg="></latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit>

vol(XF ,K \ X⋆) ≤
C

K1/2n
+ gv ⋆

(
1

K1/2n

)

<latexit sha1_base64="ls9kjGi3YIzoCitMMrx3Zom55MA="></latexit><latexit sha1_base64="ZJ+CG+5c/nCxlDMg51aHG6pY45c="></latexit><latexit sha1_base64="ZJ+CG+5c/nCxlDMg51aHG6pY45c="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

inf
v

∫
v(x) dx

s.t. αv(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="FBPoz/G9dbG3X03NlQ3Q5Rg6rEI="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit><latexit sha1_base64="RAN1USq2nmvhngPxsgaI7u+WY70="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>



Numerical examples
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Julia set – sampling vs SDP
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 20.31 %

Misclassification 0 %

Volume error 28.7 %

Misclassification 0 %

Basis: polynomials up to degree 10



Julia set – sampling vs SDP
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 14.98 %

Misclassification 0.086 %

Volume error 21.9 %

Misclassification 0 %

Basis: polynomials up to degree 14



Julia set – sampling vs SDP
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 13.24 %

Misclassification 0.157 %

Basis: polynomials up to degree 18

Numerical problems



Julia set – different bases
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 10.78 %

Misclassification 0.041 %

Basis: 400 thin-plate spline RBFs

NA



Julia set – different bases
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 7.35 %

Misclassification 0.014 %

Basis: 1000 thin-plate spline RBFs

NA



Julia set – # samples
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Volume error 15.1 %

Misclassification 0.09 %

Basis: 200 thin-plate spline RBFs

# Samples: 15000



Julia set – # samples
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Volume error 14.5 %

Misclassification 0.19 %

Basis: 200 thin-plate spline RBFs

# Samples: 10000



Julia set – # samples
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Volume error 13.5 %

Misclassification 0.296 %

Basis: 200 thin-plate spline RBFs

# Samples: 5000



Julia set – # samples
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Volume error 12.65 %

Misclassification 0.59 %

Basis: 200 thin-plate spline RBFs

# Samples: 3000



Julia set – # samples
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Volume error 10.41 %

Misclassification 6.84 %

Basis: 200 thin-plate spline RBFs

# Samples: 1000



Julia set – low data limit

Milan Korda 59

# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>



Julia set – low data limit
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# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 15 RBFs



Numerics – Julia set – low data limit
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# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 10 RBFs



Numerics – Julia set – low data limit
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# Samples: 1000

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 30 RBFsData
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>



Switched system
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Flower system
<latexit sha1_base64="YP43hObEqNjx6dKdWsKq//POwbo="></latexit>

{
ẋ = A1x, x ∈ X1
ẋ = A2x, x ∈ X2

<latexit sha1_base64="SQgTs327oi9oYJRfONYPngV3Q1o="></latexit>



Switched system
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Flower system
<latexit sha1_base64="YP43hObEqNjx6dKdWsKq//POwbo="></latexit>

Basis: 400 RBFs

# Samples: 10000

{
ẋ = A1x, x ∈ X1
ẋ = A2x, x ∈ X2

<latexit sha1_base64="SQgTs327oi9oYJRfONYPngV3Q1o="></latexit>



Switched system
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{
ẋ = A1sin(x3), x ∈ X1
ẋ = A2sin(x3), x ∈ X2

<latexit sha1_base64="RhnerzXml/o5oyGxkPmgSziL32o="></latexit>

Modified flower system
<latexit sha1_base64="47vOzQDz8PS+PuFcQ/TvfHX9kAQ="></latexit>



Switched system
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Basis: 400 RBFs

# Samples: 10000

{
ẋ = A1sin(x3), x ∈ X1
ẋ = A2sin(x3), x ∈ X2

<latexit sha1_base64="RhnerzXml/o5oyGxkPmgSziL32o="></latexit>

Modified flower system
<latexit sha1_base64="47vOzQDz8PS+PuFcQ/TvfHX9kAQ="></latexit>



3D Hénon map
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Basis: Monomials up to degree 10 Basis: 286 RBFs



Dimensionality dependence
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f = [fJulia, . . . , fJulia| {z }
n/2 times

]>

<latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit><latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit><latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit>

) state-space of dimension n
<latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit><latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit><latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit>

Random n-dimensional unitary state-space transformation
<latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit><latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit><latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit>

1600 thin-plate spline RBFs
<latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit><latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit><latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit>

3 · 104 samples
<latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit><latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit><latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit>

Box constraints: �1  xi  1, i = 1, . . . , n
<latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit><latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit><latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit>



Dimensionality dependence
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State-space dim = 4 State-space dim = 6

State-space dim = 8 State-space dim = 10



Future work

More precise bounds (tightness?)

Iterative refining

Smooth distance and projection functions (more regularity on     ) 

Iterated Bellman inequalities
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v ?
<latexit sha1_base64="8JjNDtPqWt7Q/Wmrye6Ub3j02DQ="></latexit><latexit sha1_base64="8JjNDtPqWt7Q/Wmrye6Ub3j02DQ="></latexit><latexit sha1_base64="8JjNDtPqWt7Q/Wmrye6Ub3j02DQ="></latexit>
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Thank you


