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Introduction

o Dynamical systems operating over networks appear in many natural
and engineering systems.

@ Example applications include: robotics and autonomous spacecraft,
wind farm optimization, and multi-agent systems.
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Introduction

@ A popular model of such dynamic processes is consensus, which is a
distributed information-sharing protocol over a network where agents
are able to agree on a common value of interest.

Multi-agent system Underlying Graph Structure
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Analysis and Design of Consensus Network Systems

@ The first part of this talk addresses the problem of designing robust
consensus networks that are able to reject the adversarial exogenous
noise and disturbance inputs in the sense of the H,-norm.
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Analysis and Design of Consensus Network Systems

@ The first part of this talk addresses the problem of designing robust
consensus networks that are able to reject the adversarial exogenous
noise and disturbance inputs in the sense of the H,-norm.

@ The state matrix of the consensus protocol is not Hurwitz, which
precludes analysis involving the H,.-norm.

» For a connected graph, we can rely on the edge consensus model to
perform the H, analysis.

@ We consider a network of single integrator agents operating on

independent time scales, connected by weighted edges, and corrupted
by exogenous disturbances.
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Relevant Literature

Relevant Prior Work

. e Developed the edge consensus protocol
Zel Mesbahi, 2011)!
(Zelazo & Mesbahi, 2011) Examined H, and H, performance

Incorporated edge weights and time scales
Examined H, performance
Formulated H, minimization problems

(Foight et al., 2020)?

!D. Zelazo, M. Mesbahi, Edge agreement: Graph-theoretic Performance Bounds and
Passivity Analysis, IEEE Transactions on Automatic Control 56 (3) (2011) 544-555.

2D. R. Foight, M. Hudoba de Badyn, M. Mesbahi, Performance and Design of
Consensus on Matrix-Weighted and Time Scaled Graphs, IEEE Transactions on Control
of Network Systems 7 (4) (2020) 1812-1822.
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Graph Theory

o Consider a network of n a &
single integrator units ‘ We
evolving at differing rates. Wi o
@ This configuration is
represented by an YV =1{1,2,3,4}, £ ={12,23,34,41,13},
undirected and connected - O 0 0 0
graph G = (V,&, W, E), M
where 0O wow 0 O O
e V: set of nodes, W=10 0 ws 0 0,
0 0 0 wg O
o &: set of edges, 0 0 0 0 ws
o W: diagonal matrix of - 0 0 0
(positive) edge weights, €1
) ) 0 e 0 O
o E: diagonal matrix of E=
(positive) node time 0 0 & 0
P 0 0 0 «

scales.
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Graph Theory

o For the graph G:

@ The incidence matrix, which characterizes the
incidence relation between distinct pairs of nodes,

IS
1 0
1 1
PE@=| ¢
0 0

@ We also define the matrix R(G) = [/ Tf], with

:
where

T¢= (D] D,)"*D!D,,

e D,: incidence matrix of chosen spanning tree

subgraph,

e D.: incidence matrix of corresponding co-tree.
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Figure: Red edges
are the chosen
spanning tree
edges. Black edges
are the
corresponding
co-tree edges.
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Edge Consensus

@ For a given spanning tree G-, the edge consensus model ¥,
corresponding to the spanning tree edge states is given by

Edge Agreement Protocol (Foight et al., 2020)
X (t) = —LT JRWRT x(t) + DT E71Qu(t) — LT (RT (1),
z(t) = RTx(¢),
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Edge Consensus

@ For a given spanning tree G-, the edge consensus model ¥,
corresponding to the spanning tree edge states is given by

Edge Agreement Protocol (Foight et al., 2020)
X (t) = —LL JRWRT x-(t) + D] E1Qw(t) — LT RTO(t),
z(t) = RTx(¢),

where
o x;(t) € R™1: vector of edge states associated with the spanning tree
edges,
o Li,= DT E=1D;,: edge Laplacian for a spanning tree G,
@ W(t): normalized Gaussian process noise signal, associated with the
nodes, with covariance matrix €,

@ ¥(t): normalized Gaussian measurement noise signal, associated with
the edges, with covariance matrix I,

@ z(t): monitored performance signal.
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H., Performance
Edge Agreement Protocol > -

o) = —LL RWRT x,(6) + [DTET'Q —17 R
—_—

-~

A B

z(t):\RLxT(t).
C

Then, £.(s) = RT(sl + L7 ,RWRT)"1 [DTE'Q —LTRT].
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H., Performance
Edge Agreement Protocol > -

o) = —LL RWRT x,(6) + [DTET'Q —17 R
—_—

-~

A B
z(t):\RLxT(t).
C

Then, £.(s) = RT(sl + L7 ,RWRT)"1 [DTE'Q —LTRT].

v

@ The Hoo-norm of a stable LTI system with a transfer function ®(s) is
defined as

[0]]oc = ZZE{5(¢Uw))}-
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H., Performance
Edge Agreement Protocol > -

o) = —LL RWRT x,(6) + [DTET'Q —17 R
—_—

-~

A B

z(t):\RLxT(t).
C

Then, £.(s) = RT(sl + L7 ,RWRT)"1 [DTE'Q —LTRT].

v

@ The Hoo-norm of a stable LTI system with a transfer function ®(s) is

defined as
|®loc = sup{5(®(jw))}-
weR
Lemma (Zelazo & Mesbahi, 2011)
The Hoo-norm of the system ¥ satisfies ||, [cc = 7 (X-(0)). J
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H., Performance

Lemma
The Hoo-norm of the system % satisfies

||ZT||go Z ()\min(Q))\min(BqTBT) + Amin(F))\min(BcTBc)))\max(J)a
1512 < (Amax(@)Amax(B Br) + Amax(F)Amax(BJ Be)) Amax(J),

where B, = E7'D;, Be=RTLL,, Q =QQT, F=TT", and
J=ATCTCA L.
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H., Performance

Lemma
The Hoo-norm of the system ¥ . satisfies

1512 > (Y67 )+ IR o (B B2) ),
1= 12 < (@Y \inax(B B-) + NN N nax(BI Be)) Ama(J),

where B, = E-1D,, B, = RTLz,, [@=QQT, [E=FFT], and

J=A"TCTcA L

@ Hence, the H,, performance of two systems having pairs of
covariance matrices that share the same maximum and minimum
eigenvalues will be governed by the same bounds.
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H., Performance

Lemma
The Hoo-norm of the system ¥ . satisfies

1512 > (Y67 )+ IR o (B B2) ),
1212 < (PRRRR) M (B, B:) + PAERRIEN o (B Be)) Aumax(J),

where B, = E-1D,, B, = RTLz,, [@=QQT, [E=FFT], and

J=ATCTCA L )

@ Hence, the H,, performance of two systems having pairs of
covariance matrices that share the same maximum and minimum
eigenvalues will be governed by the same bounds.

@ The remainder of the results focus on the special choice of covariance
. 1 1 . :
matrices Q = o, E2 and [ = 0, W?2, and the resulting system will be
denoted by X ;.
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H., Performance

Theorem
The Hoo-norm of the system fT satisfies
IZ- 13 = 3(2),
where
Z =0, RT(RWRTLL ,RWRT) 'R+ 0ZRT(RWRT) 'R,
Lz, =DIE'D;.
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H., Performance

Theorem
The Hoo-norm of the system fT satisfies
15:11% = 3(2),
where
Z =0, RT(RWRTLL ,RWRT) 'R+ 0ZRT(RWRT) 'R,
Lz, =DIE'D;.

e For W =1 and E = | (Zelazo & Mesbahi, 2011):

1Z,1% =5 (o2 RT(RRTDI D,RRT) 'R + 62RT(RRT)'R)
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H., Performance

Theorem
The Hoo-norm of the system iT satisfies

1£-13, = 5(2),
where

z = o, RT(RWR' [EBIRWRT) 'R + o}RT (RWRT) 'R,

e For W =1 and E = | (Zelazo & Mesbahi, 2011):

1Z,]% =5 (c2RT(RRTIDBDIRRT) 'R + o2RT(RRT)7R)
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H., Performance

Theorem

The Hoo-norm of the system 3, satisfies

1£-13, = 5(2),
where

7 — ot o R JERR)*  + o2 (R %

Lz, =DIE™'D;.

e For W =1 and E = | (Zelazo & Mesbahi, 2011):

IE,12, = 5(c2RT(IRRT. D] D.[RRT) R + o2RT ((RRT)) 'R).

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 12 / 45



H., Performance

Theorem

The Hoo-norm of the system iT satisfies

I=-113, = 3(2),

Z = o2 RT(RWRT LT RWRT) 'R + oZ[RE(RWRT) IR .

L;,=DTE™'D;.

where

e For W =1 and E = | (Zelazo & Mesbahi, 2011):

7(o2RT(RRTD] D.RRT) 'R + o?|RE(RRT) 'R

025(RT(RRTLIRRT)7IR) + o2

17113
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H., Performance

o Consider a modified system [1; defined by

N[

M.(s) = W2¥.(s).

Theorem
The Hoo-norm of the system I satisfies

IN-1I3 = o5 (X) + ov,

where ) )
X =W2RT(RWRTL, RWRT) 'RW:.
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H., Performance
@ The expression of ||[M1,]|%, can be used to calculate new upper and
lower bounds on the H,-norm of the original system ¥ .
Theorem

The Hoo-norm of the system iT satisfies

Mn .
w < ||ZTHOO <

1 _=

)\max( W2)

Melloe
)\min(W%)
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H., Performance
@ The expression of ||[M1,]|%, can be used to calculate new upper and
lower bounds on the H,-norm of the original system ¥ .
Theorem

The Hoo-norm of the system iT satisfies

Mn .
m < ||ZTHOO <

1 _=

)\max( W2)

Melloe
)\min(W%)

o The upper bound to lower bound ratio 5 on |5, is
e (W2)
)\mm(W%) .
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H., Performance
@ The expression of ||[M1,]|%, can be used to calculate new upper and
lower bounds on the H,-norm of the original system ¥ .
Theorem

The Hoo-norm of the system iT satisfies

n, - n,
)\max(W2) )‘min(W2)
o The upper bound to lower bound ratio 5 on |5, is
~ Amax(W2)
)\mm(W%) .
o If W =1 (unweighted graph):
”iTHoo = [N+ [oo,

and the obtained bounds are equal.
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H., Performance

Numerical Example

@ To illustrate the obtained bounds, we consider the graph G.

@ The Hoo-norm of the corresponding system Y. and the obtained
bounds are computed for different combinations of edge weights and

time scales.
€3 €5
Wo “ W14 0

We X W15 wg

e
/\

Figure: Black edges correspond to the chosen spanning tree edges. Blue edges
correspond to the corresponding co-tree edges.

€4 €6
wi2 ws
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H., Performance

Numerical Example

@ To illustrate the obtained bounds, we consider the graph G.

@ The Hoo-norm of the corresponding system 3. and the obtained
bounds are computed for different combinations of edge weights and

time scales.
1.8 =
L6 X UB/IE Il )
“OLB/[1E ]~
14 -
1.2
I—R——%—®
o8 o) 0]
06 o, 0,
0.4
0.2 E|=1 | Arbitrary E E+=1 () () ArbitraryE() O C) ()
’ w|=1 W|=1I Arbitrlary W] Arbitraty W
O R annd T T
1 2 3 4 5 6 7T 8 9 10 11 12 13 14
Examples
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Optimal Time Scales and Edge Weights

o We derive new insights on the H,,-norm minimization problem.

Proposition

Consider the homogeneous bounds
Winin/ X W = Winax/, €min/ = E = €max/.

Then, E = €pinl and W = wiax/ minimize ||N-(E, W)/ -
Hence,

s Mzl
HZTHOO =

max

is also minimized.
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Optimal Time Scales and Edge Weights

@ We propose the following optimization paradigm if diversity of time
scales and edge weights is desirable in the particular application of
interest.

min ¢

- 2 _ 2. 2 -
min [N ||5, = 05,0(X) + 0, < min Apax(X) < st X=<cl

where X = W2RT(RWRT L, .RWRT)1RW3.
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Optimal Time Scales and Edge Weights

@ We propose the following optimization paradigm if diversity of time
scales and edge weights is desirable in the particular application of
interest.

. 2 2= 2 . min C
min ||MN;]|5 = 05,5(X) 4+ 0, < min Apax(X) < st X=<cl
where X = W2RT(RWRT L, .RWRT)1RW3.

@ To formulate our problem as a convex optimization problem, we
minimize Amax(X1) instead, where

X = WERN(LL ) HRNTW S,

and
)\max(Xl) Z Amax(X)'
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Optimal Time Scales and Edge Weights

@ Minimization Problem:

miln ¢
C:W/_jyerl
s.t X1 =<l
1
~iRi
o Xy < (e < WERT oo,
(W=2RNT L,

where L{ , = DTE-'D,.

> ¢;: time scale associated with node i,
el=(eth .. ,6,t) and E71 = diag(e ™),

> w;: edge welght assoaated with edge I,
1

w2 = (wy 2,.. |g| ) and W2 = diag(w~ 5)
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Optimal Time Scales and Edge Weights

@ Minimization Problem:

o X1 xX(l& I !RT =0,

WeilrT g,

where LT, = DTJESAID, .

P> ¢;: time scale associated with node i,
el=(eh .. ,6,t) and E7 = diag(e7?),

> w;: edge welght assouated with edge /,
"% %:(Wli,.. |<9|)andW 2 = diag(w2).
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Optimal Time Scales and Edge Weights

@ To penalize small node time scales, a regularization term ||e || is
added to the objective function.

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 19 / 45



Optimal Time Scales and Edge Weights

@ To penalize small node time scales, a regularization term ||e 1|5 is
added to the objective function.

@ To penalize Iarge edge welghts a new variable ¢ € Rl is introduced

such that Wf <¢ e 1%: =< =, with = = diag(¢).
Thus, a regularization term H§H2 is added to the objective function

and the LMI
= /
—
[ | Wz ] =0

is added to the set of constraints.

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 19 / 45



Optimal Time Scales and Edge Weights

@ To penalize small node time scales, a regularization term ||e 1|5 is
added to the objective function.

@ To penalize Iarge edge welghts a new variable ¢ € Rl is introduced

such that Wf <¢ e 1%: =< =, with = = diag(¢).
Thus, a regularization term ||{]|2 is added to the objective function

and the LMI
= /
—
[ | Wz ] =0

is added to the set of constraints.

© To tighten the bounds on the H,.-norm of ., an upper bound v is
imposed on the ratio 1, which can be done through adding the convex

constraint
1 1
Amax(W™2) = Y Amin(W™2) < 0,
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Optimal Time Scales and Edge Weights

@ We perform H.,-norm minimization by solving the following
semidefinite program:

minimize ¢+ allélla + Blle 2
CvW/_jverlv
1
. / W2 Rf
subject to g. 1 =0,
(RHTW=2 L
1 1 1
3 -3 -3 ~1 -1 _ -1
Wma2x,l < w ? < Wmiil, ’ emax,i < € < Emin,i’

Amax(W™2) = YAmim(W™2) < 0,

forall i€V and | € £, where & > 0 and 3 > 0 are weights on the
different components of the objective function.
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Formation Control Example

@ Consider a network of non-homogenous agents of ground and aerial
vehicles operating on multiple time scales.

o Faster agents (aerial vehicles) are in green squares.

@ Slower agents (ground vehicles) are in blue ellipses.

=2 =
SN /O
===
- ,
A
CR A
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Formation Control Example

@ The agents are each assigned a
position.
> Slow agents: ‘x’ markers on

the border of the inner square.

» Fast agents: ‘o’ markers on

the border of the outer square.

@ The agents run a
one-dimensional consensus

protocol in two directions {z, y}.

e t €[2,3] is a finite support of
randomly generated disturbance
signals on the nodes and edges.

D. Abou Jaoude- American University of Beirut
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Formation Control Example

» NUD: Unity edge weights and

time scales

> BUD: Optimal edge weights and time scales

Disturbance

20

T = = 0 — I ——T— —F — = —

—_—

Time [s]

Figure: Edge states in the y direction over time.
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Model Reduction of Consensus Network Systems

@ As network systems increase in size and complexity, it becomes
desirable to find lower order approximant network models.

@ This part proposes Hoo- and Ho-based model reduction (MR)
methods for approximating the input-output behavior of a given
consensus network system X (n agents) with a reduced consensus
network system ¥ (r agents) based on a predefined clustering of the
graph structure of X.

@ We consider consensus network systems (CNSs) consisting of
time-scaled single integrator agents evolving over a network
described by a undirected, weighted, and connected graph.
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Prior Work and Paper Contributions

Original
CNS

Clustering-based MR approach

Common approach

(Cheng et al., 2019)* (Undirected)
(Cheng et al., 2020)? (Directed)

Our approach
(Undirected)

STEP 1: Choose
clustering for £

Find a “good”
clustering

Assume network clustering is given

STEP 2: Obtain
2 based on
clustering of £

Apply a projection
operation

H2-based tuning of edge
weights

Ha/ Hosbased tuning of
edge weights

H>/ Hoo-based tuning of
nodal time-scales

Reduced
CNS 2

Ix. Cheng, L. Yu, and J. Scherpen, “Reduced order modeling of linear consensus networks
using weight assignments,” in 18th European Control Conference (ECC), 2019, pp. 2005-2010.

2X. Cheng, L. Yu, D. Ren, and J. Scherpen, “Reduced order modeling of diffusively coupled
network systems: An optimal edge weighting approach,” arXiv preprint;zarXiv:2003.03559; 2020.
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Problem Setup

Consensus Dynamics

[ Ex(t) = —Lx(t) + Fu(t),
x { y(t) = Hx(),

where L = DWDT and D are the Laplacian and incidence matrices of G.
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Problem Setup
@ For example, consider the following consensus network X:

bYOyOse

v

9

=

N

I

i
5
|
7

At

)

N
e

2

o—(O
(]

o,

o ®
@ The configuration is represented by a graph G(V, &, E, W) with
V=1{1,2,3,4,5,6,7,8,9,10}
E = diag((1,1,1,1,1,1,1,1,1,1))
& = {16, 25,26,34, 35, 36, 45, 56, 57, 58, 67, 68, 78, 79, 710}
W = diag((5,3,2,1,2,3,5,2,6,7,6,7,1,1,1))
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Problem Setup

@ The given graph clustering of G(V, &, E, W) can be characterized by
the following matrix M € R10%5:

111100000 0]"
0000110000
N=10000001000
0000000100
0000000O0O0T11

@ Using I1, a reduced graph G is obtained as follows:

e nodes within the same cluster are aggregated into a single node

o edges within the same cluster are removed

o if there is at least one edge between any pairs of nodes in different
clusters, then a single edge between the corresponding clusters is
retained. Otherwise, no edge exists between the two clusters.

@ A reduced, undirected, and connected graph C;(]A/,SA, E, W) with
arbitrary edge weights and nodal time-scales is obtained.
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Problem Setup

@ Thus, the following parameterized reduced consensus network system
2 is constructed:

@ The underlying reduced graph is given by g“(f),é, E, W) with
o V=1{1,2,3,4,5}
° g = diag((&1, &, &, &, &))
° é'A: {12, 23,24, 34,35}
o W =diag((Wn, Wa, Ws, Wa, Ws))
FEANICSES Workshop 2022 29 / 45
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Problem Setup

Consensus Dynamics

[ Ex(t) = —DWDTx(t) + Fu(t),
= { Y (1) = Hx(t).

Reduced (Parameterized) Consensus Dynamics

P Ex(t) = —DW
Z(Ea W,Oé,ﬁ):{ A() O[i’\llj\((

DTx(t) + BFu(t),
y(t) t).

o Tune £ and W so that | X — &3 or | £ — %3, is minimized.

e F=NTF, H=HM, and D = N7 D (duplicate and zero columns
removed).

@ « and [ are scalars chosen to ensure that any choice for E and W
yields a Bounded-Input Bounded-Output (BIBO) stable error system.

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 30/ 45



Problem Setup

@ The Petrov-Galerkin Projection (PGP) paradigm is often applied in
clustering-based MR techniques after carefully choosing 1.

@ Here, the reduced edge weights and nodal time-scales are
parameterized and tuned for better results.

o0 of
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5 PGP 12
/

2
. (3)2

6 7 Reduced CNSX(MNTEMN.N7DWDTM, 1,1)
i o)
/zi'l/Q/ ‘
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Problem Setup

Problem Statement

Given the consensus network system X and the parameterized reduced
consensus network system %, solve the following optimization problems:

Cmin o E B
EeD}  ,WebD,,

min R HZ - i”'HQ?
Eepr, ,WeD?!

where D', is the set of diagonal positive definite matrices of size n x n.

v

(Cheng et al., 2019) and (Cheng et al., 2020)
min || — %3, where E=TNTE.

Web!?!

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 32 /45



BIBO Stability of Error System

Realization for the error system X — 3

) ¥ Kg] - [_EO_IL Elj%v“vDT] KEEH * [BEE_—lle] u(t),

e(t) = [H —af] XE"‘; .

Lemma 1

If o = ;fg then ¥ — ¥ is BIBO stable for all E € D, and W € DfL.J
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BIBO Stability of Error System

A few remarks on Lemma 1:

@ The condition on o3 guarantees the BIBO stability of ¥ — 3 by
cancelling the poles at 0 from the transfer function of ¥ — .

@ For such parameters a and 3, the approximation errors given by
|X — | and |E — ||, are bounded for any £ and V.

o || —X|[3.. and ||Z — |, are invariant under the specific choices

of o and (8 as long as a8 = "Eg

Adopted convenient choice for o and (8

a—landB— E)

\_/
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‘Ho-based Optimization

o || — %||3. <4 can be characterized by a matrix inequality in W/

and E:
min 4
4,X=0,W E o o A A
ATX+ XA XB 6CT XJ —ATA —ATB 9CT AT
* -4 0 0 « —BT™B 0 BT
5.t * * Al 0 + * * 0 0 <0
* * * 0 * * * —1
boo (W, E)

Yoo (9:X)

o Although W and E are neatly decoupled from 4 and X and ¥ (%, X)
is linear in its arguments, ¢oo (W, E) is nonlinear in its arguments.

o We alternate between optimizing W for fixed E and vice-versa.
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H -based Optimization

H-based optimization problem for fixed E :

min o
5,X=0,W )
st Yee(F X))+ des(W) <0.
N—— S——

convex term concave term

@ Constraint is dealt with by:

o lteratively solving a linearized optimization problem, where the concave
term is linearized around the previous solution W, _y).

e Linearizing the concave term ¢o.( V), while making the constraint
more restrictive, makes the optimization problem convex.
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Algorithm 1 (A1): H..-based optimization for fixed time-scales £

Input: E, L, F, H, N, E, Wo, %0, €

Output: W*

Initialize: k < 0, Wy + Wb, and 44 < 4o
While: ) — (k1) > €

Solve:
min 4
4,X=0,W i
s.t. Tﬁoo(%X)Jr%o( )+D¢oo( (k— 1)[W Wk 1)]'<0

¢oo(W)

where ¢oo (W) < foo (W) < 0.
Obtain: W, and o
Update: k < k+1, W) < W,, and 4 < 4. end
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H -based Optimization

"Hoo-based optimization problem for fixed W -
min o
4,X>0,E .
st Yeo(5,X)+ ¢uo(E) <0.
N—— SN——

convex term not concave

N

o In this case, ¢uo(E) is not concave in E.
@ More involved manipulations are required to solve the problem.

@ The structure of qSOO(E) can be leveraged by

o Treating E~1 as the variable instead of E.

o Introducing a variable Z such that Z = E.
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H -based Optimization

Hoo-based optimization problem for fixed W -

min o
4,X-0,E-1,7
st Yoo(5: X) +do(E7H, Z) <0,
—_— Y
convex term ctA)ncave term
Z=(EYH

o ¢oo(E"1,7) is concave in (E~1, 2).
@ The equality constraint is split into two inequality constraints:
. F-1
Q@ (EHY1-7Z<0 = E !
/ 4
@ Z —(E~')"1 <0, which is a difference of two convex mappings.

} =<0, which is an LML.
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Algorithm 2 (A2): H..-based optimization for fixed edge weights W/

Input: E, L, F, H, N, Ey, W, 4,

Output: E.

Initialize: k 0, (B}, Zuy) « (Ey*, o), and 4 < 4o
While: 4y — J(kr1) = €

Solve:
min g
A,X=0,E-1,7 o
s.t. Yoo (9, X) + doo(E~1, Z) < 0,
E-1 FE—1
< — ) <
[/ Z]_o, 7 FE1) =0,

where f(X) = X1,
Obtain: E;1, Z,, and 4,
Update: k + k +1, (E(;i,z(k)) « (E7YE), and 4 < 4

end

D. Abou Jaoude- American University of Beirut FEANICSES Workshop 2022 40 / 45



‘Ho>-based Optimization

o A similar characterization for | X — ||, is used to formulate
optimization problems for the independent selection of edge weights
and nodal time-scales of X.

‘Ho-based optimization problem for fixed W at iteration k :

min tr(R)
X~0,E-1,Z,R o o
s.t. Vo(X) + da(E~1,2) <0, Z—F(E7Y) =0,
X 0(C+ &) E-1
[* R } =0, [ « Z] = 0.

@ All proposed algorithms can be initialized by the solution obtained
from applying the Petrov-Galerkin Projection (PGP) paradigm.
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lllustrative Example

OO Osp ORpr
\@;? @,
©

(a) Original Network (b) Reduced Network
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lllustrative Example

Th following four algorithms are applied:

Algorithm (A1) outputs an H..-suboptimal matrix of weights W, for
a given matrix of time-scales E.

Algorithm (A2) outputs an H.-suboptimal matrix of time-scales E,
for a given matrix of weights W.

Algorithm (A3)* outputs an H,-suboptimal matrix of weights W, for
a given matrix of time-scales £ (Cheng et al., 2020).

Algorithm (A4) outputs an Hs-suboptimal matrix of time-scales E,
for a given matrix of weights W.
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Example Results

Table: Normalized reduction errors using proposed algorithms.

MR Method % MR Method %
PGP 0.146 PGP 0.392
Al 0.076 A3 0313
Al > A2 0040 A3 > A4 0049
A2 0.040 Al 0.078
A2 > Al 0039 A4 > A3 0076

Algorithm Optimized Parameters
Al & = |40201.01.020| W, = |1259.50.8 36.4 2.0
Al - A2 &, = (3715161519 W, = | 12595 0.8 36.4 2.0

Table: Sample weights and time-scales returned by the proposed algorithms.
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Conclusion

@ Analyzed the H., performance for the weighted and time-scaled edge
consensus protocol by deriving expressions of and bounds on the
Hoo-norm.

@ Derived new insights on minimizing the H,.-norm and proposed a
versatile optimization setup for the selection of these parameters.

@ Proposed Ho- and Hp-based model reduction methods for consensus
network systems, whereby the parameterized edge weights and nodal
time-scales of the reduced consensus network system are tuned via
iterative algorithms.

@ Improved on existing clustering based approaches by initializing the
iterative algorithms using Petrov-Galerkin Projection output.
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